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We perform quantum calculations of fluctuations of the electromagnetic fields in AA collisions at
RHIC and LHC energies. Calculations are performed with the help of the fluctuation-dissipation
theorem accounting for the giant dipole and quadrupole resonances. We find that in the quantum
picture the field fluctuations are much smaller than that predicted by the classical Monte-Carlo
simulation with the Woods-Saxon nuclear density used in previous analyses.
PACS numbers:
I. INTRODUCTION
A very strong magnetic can be generated in heavy
ion collisions at RHIC and LHC energies: eB ∼ 3m2pi
for RHIC (
√
s = 0.2 TeV) and eB ∼ 45m2pi for LHC
(
√
s = 2.76 TeV) [1–4]. In the last years effect of the
magnetic field on the processes in the quark-gluon plasma
(QGP) produced in AA collisions attracted much atten-
tion (e.g., the charge separation along the magnetic field
direction due to the anomalous current ∝ B (the chiral
magnetic effect) [1, 5], the synchrotron photon emission
[6, 7], anisotropy in the heavy quark diffusion [8, 9], the
magnetohydrodynamic flow effects [10–12]). To a good
approximation [4], the initial fields after intersection of
the Lorentz contracted nuclei are determined by a sum of
the fields generated by the colliding nuclei. But at later
times the QGP response can modify them [4, 13]. If one
neglects it, the average electric, 〈E〉, and magnetic, 〈B〉,
fields of each nucleus are simply given by the Lorentz
transformation of its Coulomb field in the nucleus rest
frame. The total average magnetic field, in the center
of mass system of the nucleus-nucleus collision, at y = 0
(here y is the axis transversal to the reaction plane, as
shown in Fig. 1) turns out to be transversal to the re-
action plane. However, the field fluctuations can destroy
this picture. For study of the medium electromagnetic
effects in AA collisions it is important to know magni-
tude of the field fluctuations. Usually, in the literature
(see, e.g., Refs. [14–17]) fluctuations of the electromag-
netic fields in AA collisions are treated using the clas-
sical Lienard-Weichert potentials of the protons within
the Monte-Carlo simulation with the Woods-Saxon (WS)
nuclear distributions. This approach gives rather large
event-by-event fluctuations of the magnetic field (both
parallel and perpendicular to the reaction plane). How-
ever, the classical Monte-Carlo treatment has no serious
theoretical justification. The deviations from the classi-
cal approach may come both from the dynamical quan-
tum effects in the colliding nuclei and from the quantum
effects for the electromagnetic fields. Indeed, the field
fluctuations should be most sensitive to the large scale
fluctuation of the electric charge density in the colliding
nuclei. It is well known that such large scale fluctuations
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FIG. 1: The transverse plane of a non-central AA collision
with the impact parameter b.
in heavy nuclei are dominated by the collective giant res-
onances (see, e.g., Refs. [18–21]). From the point of view
of fluctuations of the electromagnetic fields in heavy ion
collisions the potentially important collective excitations
are the isovector giant dipole resonance (IV-GDR) and
isoscalar/isovector giant quadrupole resonances (IS/IV-
GQRs) with the energy ωR ∼ 10− 25 MeV [20, 21] (the
isoscalar modes correspond to the shape vibrations of the
nucleus as a whole, and for the isovector ones protons
and neutrons oscillate out of phase). But the factorized
WS nuclear distribution ignores the collective quantum
effects. From the side of the electromagnetic field the
classical treatment should be invalid when the distance
from the nucleus, R, in the nucleus rest frame, becomes
bigger than 1/ωR. Since for the central rapidity region
(i.e. at z close to zero in the center mass frame) R ∼ τγ
(here τ is the proper time and γ is the Lorentz factor), it
means that the classical model fails already at the proper
time τ ∼> 0.1 fm for RHIC energies and at τ ∼> 0.01 fm
for LHC energies.
The quantum calculation of the electromagnetic field
fluctuations in AA collisions can be performed using the
general formulas of the fluctuation-dissipation theorem
(FDT) [22] for the electromagnetic fluctuations given in
[23]. In the case of interest the field fluctuations can be
expressed via the nuclear dipole and quadruple polariz-
abilities. The contribution of the dipole mode have been
addressed in Ref. [24]. The results of this analysis show
that in the quantum picture the field fluctuations turn
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2out to be much smaller than predictions of the classical
Monte-Carlo simulation with the WS nuclear density. It
is highly desirable to perform the quantum calculation
including the quadrupole modes. Although the contribu-
tion of the quadrupole modes decease steeper withR than
that for the dipole mode, they potentially may become
important in the region of small proper time (which cor-
responds to small R), where the effects of the magnetic
fields should be strongest. In the present letter we ad-
dress the field fluctuations accounting for both the GDR
and GQRs.
II. THEORETICAL FRAMEWORK
We consider AA collision between right moving and
left moving nuclei with velocities VR = (0, 0, V ) and
VL = (0, 0,−V ), and with the impact parameters bR =
(0,−b/2) and bL = (0, b/2) (as shown in Fig. 1). We
take zR,L = ±V t. We evaluate the electromagnetic fields
generated by two colliding nuclei in the ground state. As
in Ref. [24], we ignore the electromagnetic fields gener-
ated by the induced currents in the QGP created after
AA collision. The total electromagnetic field is a sum
of the fields generated by the colliding nuclei. For each
nucleus, we write the electromagnetic field as a sum of
the mean field and the fluctuating field
Fµν = 〈Fµν〉+ δFµν . (1)
〈E〉 and 〈B〉 are given by the Lorentz transformation of
its Coulomb field in the nucleus rest frame. The mean
magnetic field for two colliding nuclei at r = 0 has only
y-component. Simple calculations give for the total mean
y-component of the magnetic field at t2 ∼> (R2A−b2/4)/γ2
(here RA is the nucleus radius, and b is assumed to be
< 2RA)
〈By(t, r = 0)〉 ≈ γZeb
(b2/4 + γ2V 2t2)3/2
. (2)
At t RA/γ in the region ρ tγ 〈By(t,ρ, z = 0)〉 takes
a simple ρ-independent form
〈By(t,ρ, z = 0)〉 ≈ Zeb/γ2t3 . (3)
For each colliding nucleus, we first calculate the cor-
relators of the fluctuating electromagnetic fields in the
nucleus rest frame, and then perform the Lorentz trans-
formation to the center of mass lab-frame of AA collision.
We use the FDT formalism for electromagnetic fluctua-
tions of [23], formulated in the gauge δA0 = 0. It relates
the time Fourier component of the vector potential cor-
relator
〈δAi(r1)δAk(r2)〉ω = 1
2
∫
dteiωt〈δAi(t, r1)δAk(0, r2)
+δAk(0, r2)δAi(t, r1)〉 (4)
to the retarded Green function
Dik(ω, r1, r2) = −i
∫
dteiωtθ(t)〈δAi(t, r1)δAk(0, r2)
−δAk(0, r2)Ai(t, r1)〉 . (5)
For the case of the zero temperature, that we need, the
FDT relation between (4) and (5) reads [23]
〈δAi(r1)δAk(r2)〉ω=−sign(ω)ImDik(ω, r1, r2). (6)
In vacuum the Green function is given by [23]
Dvik(ω, r1, r2) = δikD1(ω, r) +
xixk
r2
D2(ω, r) , (7)
where r = r1 − r2, and
D1(ω, r) = −e
iωr
r
(
1 +
i
ωr
− 1
ω2r2
)
, (8)
D2(ω, r) =
eiωr
r
(
1 +
3i
ωr
− 3
ω2r2
)
. (9)
The vacuum Green function corresponds to the ordinary
vacuum fluctuations of electromagnetic fields. For our
purpose in this work, we need only correction to the vac-
uum Green function at r1 = r2 due to interaction of
electromagnetic fields with the nuclei. We calculate it
assuming that R = |r1,2−rA| is large as compared to the
nucleus radius RA, when the nucleus can be treated as a
point-like object described by the nucleus polarizability
tensors. In the present analysis we account for the effect
of the dipole and quadrupole nucleus modes. The dipole
contribution to ∆Dik can written as [23]
∆Ddik(ω, r1, r2) = −ω2Dvil(ω, r1, rA)αlm(ω)
×Dvmk(ω, rA, r2) . (10)
where αik(ω) is the dipole nuclear polarizability tensor.
The tensor αik(ω) can be written as [25, 26]
αik(ω) =
∑
s
[ 〈0|di|s〉〈s|dk|0〉
ωs0 − ω − iδ +
〈0|dk|s〉〈s|di|0〉
ωs0 + ω + iδ
]
,
(11)
where d is the dipole operator. The formulas (10),
(11) correspond to the dipole approximation of the elec-
tromagnetic interaction operator V = −dE [25]. For
the quadrupole excitations the electromagnetic interac-
tion operator reads V = − 16
∑
i,j Qij
∂Ei
∂xj
[27, 28], where
Qij is the operator of the quadrupole moment. And
the quadrupole counterpart of the dipole contribution to
∆Dik (10) can be written as
∆Dqik(ω, r1, r2) = −ω2
∂
∂rjA
Dvil(ω, r1, rA)αljmn(ω)
× ∂
∂rnA
Dvmk(ω, rA, r2) , (12)
3where now αljmn(ω) is the quadrupole nuclear polariz-
ability tensor. The quadrupole counterpart of the rep-
resentation (11) for the dipole tensor αik(ω) is given by
αijmn(ω) =
1
62
∑
s
[ 〈0|Qij |s〉〈s|Qmn|0〉
ωs0 − ω − iδ
+
〈0|Qmn|s〉〈s|Qij |0〉
ωs0 + ω + iδ
]
. (13)
The formulas (10), (12) correspond to the approximation
of a point-like nucleus with the dipole and quadrupole
moments. Note that the applicability condition R/RA 
1 (here, as above, R = |r1,2−rA| is the distance from the
observation point at r1 = r2 to the center of the nucleus
in its rest frame) for this approximation means that the
time t in the center of mass lab-frame of AA collision for
the center of the QGP fireball must be large as compared
to RA/γ.
The field correlators that we need can be written as
〈δEi(t, r)δEk(t, r)〉 = 1
2pi
∫ ∞
−∞
dω〈δEi(r)δEk(r)〉ω , (14)
〈δBi(t, r)δBk(t, r)〉 = 1
2pi
∫ ∞
−∞
dω〈δBi(r)δBk(r)〉ω . (15)
Here the time Fourier components of the electromagnetic
field correlators in terms of that for the the vector po-
tential correlator (4) are given by
〈δEi(r1)δEk(r2)〉ω = ω2〈δAi(r1)δAk(r2)〉ω , (16)
〈δBi(r1)δBk(r2)〉ω = rot(1)il rot(2)kj 〈δAl(r1)δAj(r2)〉ω, (17)
where the vector potential correlator should be calculated
using (6) with replacement of the full tensor Dik by the
correction ∆Dik due to interaction of the electromagnetic
field with the dipole (10) and quadrupole (12) modes.
We will consider the spherically symmetrical even-even
208Pb nucleus. In this case the dipole and quadrupole
polarization tensors can be written in terms of two scalar
functions αd = αii and αq = αijij as
αij = αdδik/3 , (18)
αijkl =
1
10
αq
[
δikδjl + δilδjk − 2
3
δijδkl
]
. (19)
The relation (19) can be obtained using the fact that the
quadrupole operator satisfies the relation Qii = 0. It
is important that αd and αq are analytical functions of
ω in the upper half-plane [25], and satisfy the relation
α∗(−ω∗) = α(ω) [25]. It allows, for both the modes, to
transform the integrals over ω in (14), (15) from −∞ to
∞ to those along the positive imaginary axis, where αd,q
are real.
We parametrize the functions αd,q by a single
Lorentzian form
αi(ω) = ci
[
1
ωi − ω − iΓi/2 +
1
ωi + ω + iΓi/2
]
. (20)
The imaginary part of the polarizability is proportional
to the photoabsorption cross section [25, 28]. The GDR
for 208Pb due to E1 transition is well seen in the data
on the photoabsorption cross section [29]. In Ref. [24] by
fitting the photoabsorption cross section for 208Pb from
Ref. [29] we obtained for the dipole mode: ωd ≈ 13.3
MeV, Γd ≈ 3.72 MeV, and cd ≈ 56.79 Gev−3. For the
quadrupole case we include both the IS-GQR and the
IV-GQR. The contributions of the GQRs to the photoab-
sorption cross section due to the IS and IV E2 transitions
are much smaller than that from the GDR due to the E1
transition [21]. It renders difficult an accurate fit of the
parameters of the GQRs from data on the photoabsop-
tion cross section. We use parameters of the IS-GQR
obtained in Ref. [30] from measurements of the IS E2
strength in inelastic scattering of α particles at small an-
gles: ωISq ≈ 10.89 MeV and ΓISq ≈ 3 MeV. We extracted
the normalization constant from the energy weighted sum
rule (EWSR) (see, e.g., Refs. [20, 21]) for the isoscalar
quadrupole moment that to a good accuracy is exhausted
by the IS-GQR [30]. This gives cISq ≈ 3984 Gev−5. For
the IV-GQR we use parameters obtained in the recent
most accurate measurement [31] via polarized Compton
scattering: ωIVq ≈ 23 MeV and ΓIVq ≈ 3.9 MeV. For
the IV modes the EWSR may be violated by ∼ 20−30%
due to the exchange potential in the nuclear Hamiltonian
[21, 26, 32]. The experimental data from Refs. [31, 33–
35] give the exhaustion of the IV EWSR 100± 40%. We
use the result of the most accurate measurement [31],
that gives the exhaustion of the IV EWSR 56±5%. This
leads to the normalization constant for the IV quadrupole
polarizability cIVq ≈ 1524 Gev−5. The possible errors in
the cIVq are not very important because anyway the IV
contribution turns out to be suppressed as compared to
the IS one due to bigger energy of the IV-GQR.
III. NUMERICAL RESULTS
For applications the most interesting effect of the field
fluctuation is fluctuation of the direction of the magnetic
field at the center of the plasma fireball. It is dominated
by the fluctuations of the component Bx that vanishes
without field fluctuations. In Figs. 2, 3 we show our re-
sults for t-dependence of the ratio 〈δB2x〉1/2/〈By〉 (which
gives the typical angle between the magnetic field and
the perpendicular to the reaction plane) at r = 0 for the
impact parameters b = 3, 6 and 9 fm for RHIC energy√
s = 0.2 and LHC energy
√
s = 2.76 TeV. For compari-
son we also show predictions of the classical Monte-Carlo
calculations for the WS nuclear density. We present the
results for tmin < t < 2 fm with tmin = 0.1(0.01) fm for√
s = 0.2(2.76) TeV. This values of tmin, in terms of the
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FIG. 2: Ratio 〈δB2x〉1/2/〈By〉 versus t at r = 0 for Pb+Pb
collisions at
√
s = 0.2 TeV for impact parameters b = 3, 6
and 9 fm. Results of quantum calculations: solid line is for
the total contribution of the GDR, IS-GQR and IV-GQR,
dotted line is for the contribution of the GDR, dashed line
is for sum of the contributions of the IS-GQR and IV-GQR.
Long-dashed lines show results of the classical Monte-Carlo
calculation with the WS nuclear density.
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FIG. 3: Same as in Fig. 2 but for
√
s = 2.76 TeV.
equations (10) and (12), correspond to the situation with
|r1,2−rA|/RA ∼> 2−3, when the observation point is still
not too close to the nuclei (in their rest frames). In this
case even at minimal t the approximation of the point-like
nuclei should still be reasonable. Figs. 2, 3 show that at
t ∼ tmin in the quantum picture 〈δB2x〉1/2/〈By〉 is smaller
than in the classical one by a factor of ∼ 3. One can see
that at t ∼ tmin in the quantum picture the quadrupole
contribution is of the order of the dipole one. But the
relative contribution of the GQRs falls steeply with in-
crease of t. And it becomes very small at t ∼> 0.5(0.05)
fm for
√
s = 0.2(2.76) TeV. In this region the quantum
picture gives 〈δB2x〉1/2/〈By〉 that is smaller than the clas-
sical prediction by a factor of ∼ 3− 8 for √s = 0.2 TeV
and by a factor of ∼ 6− 30 for for √s = 2.76 TeV. Note
that the quadrupole contribution comes mostly from the
IS mode that has a smaller excitation energy. The field
fluctuations also lead to nonzero values of the transverse
electric field 〈δE2x,y〉1/2 at r = 0, that vanishes for the
average field. The results for 〈δE2x,y〉1/2 at r = 0 are very
similar to that for magnetic field.
Thus we see that in the quantum picture fluctuations
of the direction of the magnetic field relative to the reac-
tion plane turns out to be considerably smaller than in
the classical picture. The reduction of the field fluctua-
tions in the quantum picture comes partly from smaller
fluctuations of the dipole and quadrupole moments and
partly from the dynamical quantum effects in the elec-
tromagnetic fields. The latter lead to an increase of the
difference between the quantum and the classical mod-
els with increasing t. This quantum effects for the elec-
tromagnetic fields become important in the regime when
R = |r1,2−rA| in (10), (12) is large as compared to the in-
verse giant resonance excitation energies. The reduction
of the fluctuations of the dipole and quadrupole moments
in the quantum picture can be demonstrated by compar-
ing the 〈0|d2|0〉 and 〈0|(Qij/6)2|0〉 with their classical
counterparts predicted by the Monte-Carlo calculations
with the WS nuclear density. In quantum picture the
dipole moment squared can be written as [24]
〈0|d2|0〉 = 1
pi
∫ ∞
0
dωImαd(ω) . (21)
It gives a value by a factor of ∼ 5 smaller than the pre-
diction of the classical Monte-Carlo calculation with the
WS nuclear density. For the quadrupole mode one can
easily obtain from (13), (19) a similar formula
〈0|(Qij/6)2|0〉 = 1
pi
∫ ∞
0
dωImαq(ω) . (22)
Calculations using this formula show that the quantum
result is smaller than prediction of the classical Monte-
Carlo calculation with the WS nuclear density by a fac-
tor of ∼ 8. The fact the classical treatment based on
the WS nuclear density overestimates the fluctuations of
the dipole and quadrupole moments means that it over-
estimates the ellipsoidal fluctuations of the nuclear den-
sity. Note that this may be very important for the event-
by-event hydrodynamic simulations of AA collision that
presently ignore possible collective effects in the nuclear
distributions.
IV. CONCLUSION
In this work we have performed a quantum analysis of
fluctuations of the electromagnetic field in AA collisions
5at RHIC and LHC energies. We use the FDT formalism
of [23] accounting for the contributions to the nucleus
polarizability of the dipole and quadrupole modes. We
have found that for each nucleus the contribution of the
IS and IV quadrupole modes is of the order of that of the
dipole mode when the distance between the observation
point and the center of the nucleus in the nucleus rest
frame is ∼ 2RA. For the center of the QGP fireball in
the center mass frame of AA collisions it corresponds to
time t ∼ 0.1(0.01) fm for RHIC(LHC) energy, and at
t ∼> 0.5(0.05) fm the dipole mode dominates the field
fluctuations.
Our quantum calculations show that effect of the field
fluctuations is considerably smaller than that in the clas-
sical Monte-Carlo simulation with the WS nuclear dis-
tribution. And in the quantum picture the fluctuations
of the direction of the magnetic field as compared to the
mean field turn out to be very small. Our results do not
support a qualitative analysis [36], where it was argued
that the quantum diffusion of the protons may be very
important.
In the present analysis we have discussed the case of
the spherical 208Pb nucleus. For collisions of the de-
formed 197Au nuclei, that have been studied in RHIC
experiments, one should account for a non-zero mean
quadrupole moment. This can modify the contribution
of the quadrupole fluctuations. But the magnitude of the
quantum quadrupole fluctuation around the equilibrium
shape for the deformed nuclei is similar to that for spher-
ical ones (see, e.g., Refs. [37, 38]). Since the GDR peak
in the photoabsorption cross section for 197Au [39] is very
similar to that for the 208Pb nucleus [29], the dominat-
ing contributions of the GDR to the field fluctuations for
these nuclei are also similar. For this reason the conclu-
sion that the classical approach overestimates the field
fluctuations should hold for Au+Au collisions as well.
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